By using integration by parts and Stokes' formula the authors give a new definition of the Hadamard principal value of higher order singular integrals on the complex hypersphere in C". Then the transformation formula for the higher order singular integrals is deduced.
Introduction
The Plemelj formulas in relation to the Cauchy principal value singular integrals of one and several complex variables have very important applications to the theory of singular integral equations and the theory of elastic mechanics ( [2, 4, 7] ). On the other hand, it arouses the question of how to define the principal value of higher order singular integrals when solving the Cauchy problem of hyperbolic partial differential equations and developing the theory of higher order singular integral equations. In fact, when one tries to find the limit value on the boundary of higher order derivatives of the Cauchy type integral of complex variables it will arouse the question as well. Firstly, in 1952 Hadamard defined, on the real axis, the Hadamard principal value using the idea of separating the finite part from the divergent integral ( [3] ). In 1957, Fox extended the idea to the case of higher order singular integrals in the complex plane ( [1, 5] ). The calculations of all those Hadamard principal values of higher order singular integrals, however, are too complicated and therefore very hard to be extended to several complex variables. In [2] , by using a crumble-some calculation a special case of higher order singular integrals on the complex hypersphere in C is discussed (see below formula (13) for )3 = 1/2, k = 1); and in [6] the general cases on the complex hypersphere in C is discussed. In [6] the method is simpler and some remarkable results are obtained. The definition of Hadamard principal value is still complicated and so it is hard to obtain more results using it. In this paper, using integration by parts and Stokes' formula, we inductively define higher order singular integrals through lower order singular integrals. In this way we uniformly define the Hadamard principal values of higher order singular integrals in one and several complex variables. The method agrees with the idea of Hadamard by separating the finite part from the divergent integral. Since the method is much simpler and straightforward, we can avoid tedious calculations and can effectively utilise the results of the standard Cauchy singular integrals. This enables us to obtain more results than in [2] and [1, 5, 6] .
For simplicity, we consider a higher order singular integral on the boundary of a bounded domain D with smooth boundary in the complex plane f ird
where / (f) e H\(a), 0 < a < 1, the set of functions whose first order derivatives /'(£) belong to H(a), the class of functions of Holder continuity with index a. Singular integral (1) under the Cauchy principal value is divergent. Replacing rj € 3D by z € D in the above expression and using integration by parts, Stokes' formula then gives
Therefore the study of the Cauchy type integral l/(2ni)f dD f (£)/(£ -z) 2 di; is equivalent to the study of the Cauchy type integral l/(27ri)/ 8D /'(£)/(? -z)d^. Since /'(£) 6 H(a), when z = TJ e 3D, the Cauchy principal value of the right hand side exists. If we denote the Hadamard principal value by FP and the Cauchy principal value by PV, respectively, then we may define
, where H n (a) is the space of continuous functions whose n-th derivatives belongs to H(a). Then we may inductively define the Hadamard principal value of singular integrals of order n to be
This definition agrees with the original idea of Hadamard to separate the finite part from the divergent part. Moreover, in our definition the Hadamard principal value of higher order singular integrals are expressed by the Cauchy principal value of the standard Cauchy singular integral, so that we can conveniently utilise the results of the Cauchy principal value. As example, by denoting
then Plemelj formula of the standard Cauchy singular integral implies
where z -*• r)* denotes the limit procedure that z tends to t) from inside or outside D, respectively. This gives the Plemelj formula of higher order singular integrals (see [1] 
S m S n cHr,) = n\m\ e 3D.
By using the composite formula we can solve singular integral equations of higher orders. As example, we consider the solution of the equation In the following section we will use the same idea to study higher order singular integrals on the hypersphere in C
Hadamard principal value of higher order singular integrals on the complex hypersphere

Let
B = [z e C" \ z z < 1}, S = { z e C \ z z r = 1}
be the unit ball and its boundary, the complex hypersphere in C , where for any z = (zi,... , z n ), £ = (|i,... , £"), zf = Zi£i H 1-zJTn-The area element of the complex hypersphere 5 is denoted by dS(u) = it. The Cauchy formula for any analytic function in the unit ball B continuous to its boundary is
where f o n = / Js f co n = / dS(u) = s In order to study higher order singular integrals on the complex hypersphere 5, we will first study the following form of higher order Cauchy type integral
where it is a positive integer, 0 < /J < 1. We have the following lemma ( [6] ). [ 
The proof is a simplification of [6] .
PROOF. For the complex hypersphere S we have
In the subset of 5 where Mi ^ 0, we have
then the area element of S can be expressed by
Therefore, when Mi ^ 0, for any positive integer m, by Stokes' formula we have
By induction (14) follows immediately.
• Equation (14) implies that the study of higher order Cauchy type integrals on the unit ball B may be transferred to the study of the standard Cauchy integral on the unit ball B. Since when z = r) e 5, the principal value of the singular integral on the right hand side of (14) exists ([2]), we may define the Hadamard principal value of higher order singular integrals on the complex hypersphere as follows. DEFINITION 1. If/ is a function defined on the complex hypersphere whose all kth partial derivatives are of Holder continuity of degree a, 0 < a < 1, then for k > 1 and 0 < ft < 1, we define
The above definition of the Hadamard principal value is obviously simpler and clearer than that in [6] . This definition has the following advantages:
(1) It automatically discards the divergent part in the sense of Hadamard. It only keeps the finite part so that we can save the complicated calculations involved in the theory and the applications. 
where M is a constant, then the following Plemelj formula holds which still depends on three variables v, u and co. This makes the argument for proving the composite formula in the one variable case fail to work. In fact, there is no composite formula for higher order singular integrals on the complex hypersphere in this setting.
